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Effective action for the quarks is discussed in the model of instanton-based
vacuum consisting of a superposition of instanton anti-instanton fluctuations.
The case Ny = 1 is considered. Comparison with another approach is carried

out.
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Recently there was essential progress in understanding the mechanism of the chiral
symmetry spontaneous breaking (CSSB)!'~4. As a consequence of this, the physics
of pseudoscalar octet particles become more transparent®®. The instanton “fuid”
vacuum model allowed us to describe low-energy characteristics of (, k) mesons in a

good agreement with experimental datal®5®],

The general method for calculating the correlation functions in instanton medium
proposed by Dyakonor and Petrov is the following. The instanton anti-instanton
superpositions must be considered as an external classical field. The correlators in
the presence of this field will depend on the characteristics of all pseudoparticles,
i.e., their dimensions p, orientation U, and center Z. The averaging over statistical
ensemble of instantons finally give exact correlator in instanton vacuum. In this case,

the averaging is substantially simplified due to the following approximations.

1. The packing parameter of the instanton fluid 5/ R, when R is the mean distance
between pseudoparticles, is small 5/R ~ 103, and therefore the pseudoparticles

may be considered uncorrelated.

2. When a number of colors V. is large, the instanton distribution as a function of
instanton size p is very narrow and tends to the §—shaped function at N, — o0,

so that in the leading order over 1/N, all sizes of instantons p; may be replaced

by their mean values 52l

3. Hilbert space of the fermions truncate to the space of zero modes. This approx-
imation is justified for the long wavelength properties of the vacuum (scales >
0.3 fm). The reason is that the spectrum of the Dirac operator in the field of
an instanton is characterized by a gap of about p~! ~ 600 MeV between the

zero energy state and the continuum of scattering states(:8l,

Diagrammatic procedure for averaging was developed and two point correlators

were calculated. However, three and higher—point functions are not obtained by such
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a method. The procedure ladder diagrams calculation in different directions does
not exist. In general, the solution of the coupled Bethe-Salpether type equations is
technically difficult to obtain.

Therefore a problem of finding a reliable algorithm for calculation of another
Green function arises. Besides that, it is interesting to find the effective action which
is equivalent to the previous model. There are several attempts to write an action of
such typel*®78l Nevertheless, all of these actions are not equivalent to the previous
model, (see, for example, {6}). Moreover, these attempts lead to Green functions

which are singular on quark mass as it will be shown below.

Let us begin with QCD partition function.

Z= f DYDY+ DA, 5++5w (1)

The main points of the model are following integration on gauge field A, is equiv-
alent to averaging over the statistical ensemble of pseudoparticles with known dis-
tribution function of given configuration and to replacing field A, in the interaction

part by superposition of instanton anti-instanton configuration.
2 = [DyDyt << eap|[ 9t (i8+id+im) e +ut% +pra] >>

A = EI:A,-—}-EI:A; (2)

Where << ... >> denotes the average over the collective coordinates: positions of
all pseudoparticles z, their orientations in color space Uy/following to approximation
2 we will substitute all sizes of pseudoparticles by p = (600 HeV)~'. However, note
that Z'is not similar to the former model since in definition (2) the propagator has

“the following form

_ << Det (1.@ +im) (té Iy +im)-1 >>
a << Det (i€7+z'm) >>

!
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The denominator here also depends on pseudoparticle characteristics and cannot be
averaged independently, i.e., propagator (3) is not equal to one which was obtained
in [3].
A .4 . -1
S =<« —(16+1A+zm) >> (4)
Therefore, in our opinion, if we wish to construct a theory which would be similar to

(4), it is necessary to start from

of ¢ (i¥+im)pdiznt iytn

det (z? + im)

Z ('q,'q+) = /ngD;b* << >> (5)
Following 3, we will replace the exact Green functions in the field of one instanton by

a model onel
+
4(z)2!" (v)

Sf(w!y) = Sﬂ(m'yy) - m

(6)
where So(x,y) is the free propagator, ®(z) is the zero mode for I-th pseudoparticle:
it is a right (left)-handed Weyl spinor for the (anti) instanton. This model is exact
at small momenta gp << 1 and at large momenta gp >> 1. At small momenta (the
range important to the CSSB) the exact propagator coincides with the singular part
of (8). Using

Sgt = —(i8 +im) and S;!— S5t = —i,

we have

—iA = Z;: (S71 =5 + ¥ (87 - S3%)

I

S = [50‘1 + ; (s7* - s+ 32 (572 - 50-1)] ) (7)

I
From (6) and (7) we have

- iV +im = ié+m+{z

(1 + (ié+im) ?ﬁ)_l —1
7 mm

(8 + im) }+{I — I} (8)
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And for Z from (5) we obtain

[ o oHidvd atnt giutn) [1,(1-5x fy+ideid'z [ aFidyat=) [, (1-1)

det (i f?')

z (na*) = [ DyDY* << >>

(9)
Here we use: a) the only “opposite-charged” pseudoparticles enter into overlap—

integral < Q’}"Hél@; >= br,b)¢,¢* are Grassmannia variable c¢) mass matrix in Sp

is set to zero (since we are interested here by the chiral limit).

Using (8) and doing the trick, similar to the one used by Ilgenfritz [9], we rewrite
the [det(ié-{— i.&)]_l in eq. (9) in terms of scalar spinor fields .

det™! (‘zé + 1;1) = const /'Dx'Dx"'Zf x*+idxd'y
11 [e:cp (—-;1;) /x+ié@1d‘z/<§}'iéxd4x’] II [I — I_] (10)
I I
And for Z we have now
Z(nn*) = const [ DyDytDxDxt e ($* Bt iB)deinty sty
Ny=1
1 ieA LA - ext |iB|B > <@t |iBlx> 7
<< ]_;I{l — — <YT[i8]0s >< BF[iBlg > £~ x* IR <o] K }1;[{1—4} >>
(11)

Now the theory with Z' can be obtained from Z, if one “drop out” the variables x, x*.
Z'(T?,"?+) = const jD¢D¢+ ff vtibpdPzinyt +ynt

II (1 -1 $i8|1®r >< 8} [idy >) JIEEY) (12)
I

T mm

This expression (12) differs from the result of [4] since (12) is normalized not by m
as in (4], but by finite quantity as in [7]. Let us now investigate the problem of how

far we may normalize the theory by m, putting m = 0 from the very beginning. Let
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us calculate (12) with nonzero m, and then lend m to zero. After averaging over
positions and the orientations of pseudoparticles, using the density matrix composed
of zero fermion modes®.

dthk,dk A _a) P(k1)d(k2)
. + Z B M2 ik (z-2))—ilka (=’ —2)) PAFLIP F2)
@,a(m)@m(z )= ./ (2m)8 £ 8|ky | k2|

- ~ 1 —
(knnks==2)i5 (UrzmU*) B

Here a, 3(%, §) are color (spinor) indices, 7¥ are N. x N, matrices with (7 £1) standing

in the left upper corner (all other elements are zero) r—are Pauli matrices, k = kuu-

The function ¢(k) connects with Fourier-transformed zero modes.

| ey
8k =77 = [()Eol2) - B(Ku(), i = { 7S )
dz 3 :42:2 k5> 1

For anti-instanton v5 — —-;, 'rf — 7.7, when averaging over the orientations with

the Haare measure normalized to unity we use the relations

de: 1, /dU UsUy = Ni 6265

oy o Qi 4 ayayfya 1
[ vpuiruzugn mﬁs SR+ a7 OVROIROORONE (19

A’s are the generators of SU(N,). We can obtain
Z' = const /D¢D¢+ Ef"{’+"§"’d"+”“’++¢”’+(Y+)N+(Y_ yN-

where Yy = 1 — 2= f (zk),¢L(R)(k)az(k)1/;1;(m(k),N+(_)—— is the number of instan-
tons (anti~instantons, a(k) = |k[@¢(k),¥rr) = 15+, Then in thermodynamic limit

N, . .
V — ooNy — oo5# = const using well-known equation.

i AR
Jm (14 57) =
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we obtain

?iﬂ

(i £, L
z' ("7:"?+) = const fD¢D¢+ gf"” ( k+svN; S )‘#(,~)¢+n¢ 4ty

It means that M(k) ~ 2 and limm — 0 does not exist. Theory is singular! If we
put m = 0 in the case when Z is normalized by m then we obtain uncertainty (g)

for any Green functions. Let us now return to Z. Integrate first the (11) over the

orientation matrices Uj.

Denote the integrals under consideration by I, ()i A= %
I =/ exp {Af (x"‘ié@;) diz f(@}"iéx) d4y}dU
(s = [ (:92) (21:8) sexp (A [ (x*ib;) a*= [ (atisx) d'y} v

In leading order on N, using {13) and the observation [10] that the group integra-
tion is equivalent to the projection of a tensor product of fundamental representations

onto to the singlets of the group (example eq. (14) see [6]) we can obtain that

I - 1
T3 (ddxe)
(xsz) = fXz(kl)XL(ZI)E_ZI(”I'EI)({FI
alky)a(€;)d k,d e
dly = dl(ky,6) = = ((2::-))3 — (15)

For anti-instanton (L — R). Note that I; and I; are connected

a(I);; _ 8%1,
ax T~ Bxiox;

A(h); + A2
and to resolve this differential equation we find

AN, { 14 s —zpik—t} piko—it
I i = / ( ) f zyi(k .E)Eu’c:: 4y g k,z +
1’ 1 —A/Ne(xixe) 2 /i (5.9

+ %fxL;(fl)xzj(k)z—zr(k-}-k.—t—[l)gikw_“y

dT(k, £)dT (ky, £;)
— a-(xixze)

b s
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Substituting (15), (16) and (11) and integrating over positions of pseudoparticles
(%—%) we obtain

Z(n,r,"") = const /D@b'Ddﬁ'Dx'Dx*‘

N+ N
f(¢+{8w+x?‘5x)d‘=+nx++¢'+ﬂ {_1_/ 4 } {l 4 }
¢ = [dk, > f dizK_

K, = L S IOt
+ 1- 5 (xExL) 1- - (xﬁx:.)
) (55)" S (20 (£)) (o (Ra) oz (62)) -2 +ia=-e)gp, g,
(1 - mjv ()ﬂr:XL))2
K. = KL —R) )

This expression is finite over m and we can use chiral limit here. Besides, for propaga-
tor calculation we can restrict ourselves by % approximations. (The quark momenta

involved in the pion physics appear to be parametrically less than 1/5.13)
[ dtkdtat eyt o (R)xpiay(@)alk)alq)
2 e | 2 172 /e 23 2
= a*(0) [ xRk [ xum(a)deti = O
The values of C,(_) are fixed from integration by x,x*. Then from (17) we obtain
Z(0,0) = const f DY Dyt S vridsd'e (o \Ne (o yN-
./ Dx’Dx+£f xtibxdte—N,iinCy ~N—tnC.
5(Cs ~ (xtx)) 8(C- - (xhxn)) dC.dC_

L, = {-‘1; / ¢g(k)m2(k)¢,,(k)d4k} Lo=L,(Ne > N_,L—R) (18)
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After integration over x,x*,C., we obtain (using the replacement

/D¢D¢+F(¢,¢+) = jDangb*/%f%ﬂ;"—fdmdP_ .

E[ J a2t iByify (L4 —T4 )+ Ny tnly +if_ (L -r_)+N_znr..])

const

Zn,=1(0,0) = ) f dB1dB_ exp(~Nytnfy — N_tnf_) f Dy Dyt

) [ 0 5. (52) . (152) o

This result was first obtained in [4]. Integration in (19) on Sy can be performed by the
saddle point method, and in thermodynamical limit we can obtain [N, = N_ = N

for Ny =1 a theory of non-interesting quarks with the dynamical mass M (k)14:8.7]

Zgep(Ny=1) = const fD1/:D1,b+ exp [/ (;i::;isz"(k) (—k + M (k)) i,b(k)]
ME) = o RSE) (20)

Quantity € here is determined from the gap equation derived by Dyakonov and

Petrovi®, which naturally emerges when integrated with 3..

AVON, ¢ d%k  M¥k)
N (2m)* M2(k) + k2

=1 (21)

Recalling that N/V(*) ~ (200 MeV) one obtains from (21) M(0) ~ 300 MeV and
< P > (—250MeV )30,

Certainly our progress in comparison with the results of [4,6,7] is still not substan-
tial. Nevertheless it seems to us that our approach to the problem under consideration
is conceptionally more correct and derivation of results for multiple-point Green func-
tions from (17) is rather a technical problem which we hope to resolve in forthcoming

publications.
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